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Abstract. - We present a simple classification of the different liquid and solid phases of quan- 
tum Hall systems in the regime where the Coulomb interaction between electrons is significant, 
i.e. away from integral filling factors. This classification, and a criterion for the validity of the 
mean-field approximation in the charge-density-wave phase, is based on scaling arguments con- 
cerning the effective interaction potential of electrons restricted to an arbitrary Landau level. 
Finite-temperature effects are investigated within the same formalism, and a good agreement 
with recent experiments is obtained. 



Two-dimensional electron systems (2DES) in a perpendicular magnetic field exhibit a rich 
variety of phases, ranging from incompressible quantum Hquids, which are responsible for 
the integral and fractional quantum Hall effects (IQHE and FQHE), to electron-soHd phases 
such as charge density waves (CDWs) and the Wigner crystal (WC). The IQHE is found 
when the electron density riei is an integral multiple of the density of states per Landau level 
(LL) ub — l/27rZ^, where Ib = y^h/eB is the magnetic length and can be described 
within a single-particle picture. On the other hand, when the fiUing factor ly = Uei/uB 
is non-integral, the highest filled LL has only a partial fiUing P = z/ — n, and it becomes 
essential to include the Coulomb interaction j2]. It lifts the LL degeneracy and leads to a rich 
phase diagram. At extremely low electron densities, an insulating phase has been observed 
whose properties are attributed to WC formation At = p/q, with p,q integral and q 
odd, the FQHE is observed in the two lowest LLs @]. The corresponding ground state is 
an incompressible Hquid, analogous to the IQHE if described in terms of composite fermions 
(CPs) [S]. At = 1/2 in higher LLs, huge anisotropics have been detected in the longitudinal 
magnetoresistance, indicating the formation of a unidirectional CDW [^. From the theoretical 
point of view, Hartree-Fock calculations predict correctly a CDW formation around 9=1/2 
in higher LLs [2||H|, but have failed to describe the FQHE regime. In this letter we propose a 
new scaHng approach, which classifies the Hquid and solid phases observed in quantum Hall 
systems in terms of length scales, and remains valid in all LLs. In addition, we clarify the 
reasons for breakdown of the Hartree-Fock approximation in the lowest LLs and estabHsh a 
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criterion for the appearance of recently observed FQHE features in the WC regime at finite 
temperatures PI. 

Because in the high-magnetic-field limit the Coulomb interaction between the electrons 
constitutes a smaller energy scale than the gap between LLs, inter-LL excitations are high- 
energy degrees of freedom. At integral fiUing, they are the only excitations, but may be 
neglected when considering a system at v n because in this case low-energy excitations 
become possible within the same LL [I^ . The kinetic energy of the electrons may therefore 
be set to zero, and the Coulomb interaction remains as the only energy scale in the problem 
if the electrostatic potential due to underlying impurities is small. One obtains a system of 
strongly correlated electrons described by the Hamiltonian 

q 

where v{q) = /eq is the two-dimensional Fourier transform of the Coulomb interaction. 
In this model, one considers only interactions between spinless electrons within the nth LL 
described by the density operators (p(q))n = Fn{q)p{q), where p(q) is the usual electron 
density in reciprocal space. The factors — i„((j^/2) exp(— with the Laguerre 

polynomials Ln{x), arise from the wave functions of electrons in the nth LL and may be 
absorbed into an effective interaction potential Vn{q) = u(q)[F„(g)]^. The quantum nature of 
the problem is contained in unusual commutation relations for the electron density operators 

[p(q),p(k)] = 2zsin (iS^L^) ^(q + k). (2) 



The Hamiltonian (QJ together with the commutation relations l(2j defines the full model, which 
was used recently as a starting point for the description of the FQHE in the lowest LL [2] 
and for the formation of CDWs in higher LLs [3Ej. Note the formal equivalence between 
electrons in the lowest LL aX v = vq and electrons in a higher LL at v = vq within this model. 

Deeper insight into the stucture of the model is obtained by transforming the effective 
interaction potential back to real space. In appropriate units, one may derive a universal 
scaling function v{r), 

«.M = E^-"-^-"('^)-^#=' (3) 

V^n + 1 



where Rc — IsV^^n + T is the cyclotron radius. This scaling form becomes exact in the 
limit n ^ oo because then F„(q) Jo{q\/2n + 1). However, it is vaHd also at low values 
of n as can be seen from fig-d where the rescaled results of Vn{r) are shown for the LLs 
n = 1, 5. The universal function exhibits a plateau of width 2Rc superimposed on the bare 
l/r Coulomb potential, which is retrieved at large distances. Although the bare Coulomb 
potential possesses no characteristic length scale, a component whose range is characterised 
by Rc is introduced in the effective interaction potential. This permits a classification of the 
different phases according to the ratio of the average electronic separation d ^ Ib/ in the 
nth LL and the range 2Rc' of the effective interaction. 

Quasi-classical limit (WC): d ^ 2Rc. In the limit of low density, the average distance 
between electrons interacting via the l/r Coulomb potential is much larger than the spatial 
extent Rc of their wave functions. Quantum corrections to the classical result are of order 
0{Rc/d) and may thus be neglected. Classically, the electrons are arranged in a triangu- 
lar WC in order to minimise the repulsive Coulomb interaction. The transition line which 
separates the WC phase from other phases is obtained by comparing d and Rc as functions 
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Fig. 1 - Effective interaction potential in real space. Points correspond to n = 1, 2, 5. Gray line: 
pure Coulomb potential. 



of V and n (gray line in fig.EJ. It is given by — /{2n + 1), where Vq^'" is the 

critical filling factor below which the WC is found in the lowest LL. Theoretical calculations 
predict v'q^'~^ ~ 1/6.5 for clean samples ^21) while experimentally the onset of WC behaviour 
is observed around v Z\. 

Electrical transport in the WC phase arises either by a collective sliding mode or by the 
propagation of crystal dislocations. SHding is suppressed by pinning of the WC due to residual 
impurities in the sample, and the number of dislocations is reduced by lowering the temper- 
ature. The experimental evidence for a WC phase arises from transport measurements 0, 
which indicate an insulating phase. In principle, this insulating behaviour could be attributed 
also to the localization of electrons by impurities Jl]. However, because the samples used for 
the measurements are extremely clean, this is unlikely to be the case. 

Mean-Held limit (CDWs): d ^ 2i?c. Within the effective-potential framework, an arbi- 
trarily chosen particle interacts strongly with a number of neighbours which can be estimated 
as Nn.n. ~ '^{2Rc)'^nei = 2{2n + where fiei is the density of electrons in the nth LL. A 
mean-field approximation, such as Hartree-Fock, is valid for large Nn.n., where each particle 
may be considered to interact only with an averaged background, without being infiuenced 
by the individual motions of its neighbours. This Hmit cannot be obtained in the lowest LL, 
where the cyclotron radius coincides with the magnetic length Ib- The average electronic 
separation would have to be shorter than this length, which constitutes the smallest possible 
spacing because each electronic state occupies a minimal surface a — We note in ad- 

dition that in the lowest LL the effective interaction potential does not exhibit a plateau as 
for n > 1. The dark gray line in fig.[2lshows the relation Vn^^ — Nc/2{2n + 1). Comparison 
with experiment yields Nn.n. = Nc ^ h for the limiting value above which the mean-field 
approximation is justified 0. 

The validity of the mean-field approximation in the regime d <^ 2Rc also becomes ap- 
parent in Fourier space, where the wave vectors are renormalised in the same manner as the 
distances in eq. (EJ. At large n, only the small- wave- vector limit remains important, and the 
commutation relation J^J for the density operators becomes 

^ . iqxk)Jl -/ q + k \ fl\ 
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Fig. 2 - Phase diagram at T = 0. Vertical and horizontal axes indicate, respectively, the LL index 
n and the partial filling v. For completely filled levels v — \ one observes the IQHE (gray circles). 
The phase diagram is only shown up to half-filling v — because of particle-hole symmetry. Black 
circles denote points at which the FQHE is found in experiments, the thick gray line shows the region 
of an experimentally observed insulating phase attributed to WC formation |3, and gray squares 
indicate points where the stripe phase is observed 0. The full lines represent the transition between 
different phases and move towards the FQHE liquid phase in the presence of impurities (see arrows 
and broken lines). 



after rescaling and expansion of the sine function. The comphcated algebraic structure of 
the density operators, and thus the quantum mechanical nature of the problem, become less 
important in higher LLs (larger n). This quasi-classical limit is different from the WC regime, 
in which the overlap of different electronic wave functions may be neglected. Here their overlap 
is sufficiently strong that the exchange interaction, which is included at the mean-field level, 
is essential. 

The mean-field solution of the Hamiltonian (QJ reveals that the ground state in this limit 
is a CDW with a characteristic period on the order of the cyclotron radius Rc [ZIIHl- This 
clustering of electrons, in spite of their repulsive interaction, may be understood qualitatively 
from the form of the effective interaction potential in fig.Q] if two electrons approach more 
than their average separation d, only a small additional energy cost is incurred because of the 
plateau in the region r < 2Rc- However, a large energy on the order of the height of the 
plateau may be gained if the clustered electrons thus reduce the number of other electrons 
with which they interact strongly. The boundary above which the mean-field approximation 
becomes valid need not necessarily coincide with the CDW-FQHE phase transition. A detailed 
calculation of the ground-state energy would be needed to determine the exact transition 
line [7H8lll5j . but the present scaling investigations serve as an upper limit for this boundary. 

In the region v < 1/2, charged clusters (or "bubbles") of several electrons form a super- WC 
to minimise their Coulomb repulsion (triangular CDW). Exactly aX v = 1/2, however, these 
bubbles percolate to form lines and thus give rise to a "stripe" pattern (unidirectional CDW). 
This breaking of rotational symmetry arises because of a competing symmetry: the particle- 
hole symmetry becomes exact at half filling. A phase of bubbles would violate this symmetry, 
and a very small residual anisotropy in the underlying crystal suffices to fix the direction of 
the stripes [Ej. However, there are other inhomogeneous charge configurations, which would 
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also account for these symmetries, and there is theoretical evidence that a stripe pattern 
becomes unstable to the formation of an anisotropic WC at very low temperatures, breaking 
the particle-hole symmetry ^jj- The experimental evidence for stripe phases in quantum 
Hall systems consists of very large anisotropies in the magnetoresistance with respect to two 
orthogonal directions [Sj. This suggests an interpretation in terms of charge stripes, where 
easy electron transport along the stripe edges leads to a small resistance, but transport across 
the stripes involves relatively rare tunneling processes, thus explaining the large resistance in 
the orthogonal direction |17[I18) . 

Quantum limit (FQHE): d ~ 2Rc. In the regime of the phase diagram intermediate 
between the WC and CDW phases, the FQHE is observed in the lowest two LLs |4J. Recent 
theoretical and experimental studies 52lE| support the description of the FQHE in terms 
of an incompressible liquid of CFs, each of which consists of a bound state of an electron 
and a vortex-like collective excitation which carries a charge of opposite sign [SJ. The scaling 
arguments presented above show that in the quantum limit only one length scale is present 
in the problem, and thus no perturbative approaches are applicable. 

Effect of impurities and finite temperature. The arguments presented above suggest that 
the observation of the FQHE is possible in higher LLs, e.g. at = 1/5 for n — 2. However, 
this phase has not yet been observed, and some experiments even suggest a CDW ground 
state in this regime jJO]. Failure to observe the FQHE in higher LLs is likely to be due 
to the residual impurities in the samples, which favour crystalline structures such as the WC 
and CDWs [3]. Deformation of the inhomogeneous charge structure makes these phases better 
adapted to follow an underlying electrostatic potential than is an incompressible, homogeneous 
liquid. The two transition lines therefore move towards the quantum-liquid phase, as shown 
by the arrows and broken lines in fig.El The region where the FQHE is observed can become 
extremely narrow in higher LLs, and may even vanish, leading to a direct crossover between 
the triangular CDW and WC phases with no quantum melting in the intermediate regime 
d ~ 2Rc. However, samples of higher mobility and even lower impurity concentrations are 
expected to reveal FQHE states in the LL n = 2 in the future |21j . 

So far we have discussed the different phases determined by the two length scales d and Rc 
only at T = 0. Finite temperatures will introduce an additional thermal length scale defined 
by comparing the thermal energy ksT and the Coulomb interaction between electrons. One 
thus obtains It — e^/eksT, which corresponds to the de Broglie wavelength of the free electron 
gas. 

If It ^ Rc, i-e. at low temperatures, thermal fiuctuations may be neglected compared 
to quantum fiuctuations of the correlated electron liquid. At It ~ Rc thermal fiuctuations 
destroy the quantum correlations and the FQHE disappears. In the mean-field limit, local 
crystaUine structure of the CDW vanishes when thermal fiuctuations become important on 
the length scale of the CDW periodicity It ^ Rc- This leads to an estimate of the CDW 
melting temperature Tcowin) — Ce^ /ekBlB\/2n + 1, with C a dimensionless constant, in 
agreement with previous work . Because CDW states in high LLs are observed at relatively 
low magnetic fields (decreasing LL separation), inter-LL excitations have to be included, giving 
rise to a screening of the Coulomb interaction. The dielectric constant e may then be replaced 
by e(n) ^ 2n + 1 [TllTfl]. We stress that these scaling arguments provide an estimate of the 
melting temperature for local CDW order. The anisotropy observed at half-filling in higher 
LLs 15 vanishes at lower temperatures, indicating an isotropic distribution of local stripes, as 
proposed in a liquid-crystal picture ^22| . 



Finite-temperature effects are most complex in the WC phase. Minima in the longitudi- 
nal magnetoresistance, similar to the ones arising in the FQHE regime, are experimentally 
observed above a temperature Ti at lowest-LL filling fractions, where the WC phase is ex- 
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pected at r = [H] . These minima vanish above a second temperature T2 > Ti . An estimate 
for Ti can be obtained from the Lindemann criterion (2^: the WC melts when the average 
displacement of an electron due to thermal fluctuations is a substantial fraction of the lattice 
constant (Ar^) = c|d^ with cl ~ 0.1. Equating the potential energy for a small displacement 
of an electron in a WC, e^(Ar^)/ec?'^, to the thermal energy yields a melting temperature 
Ti « c\e'^ / eksd, which is independent of the magnetic field, in good agreement with recent 
experiments This temperature corresponds to a thermal length It ^ d/c\ ^ Ib- The 
liquid phase therefore exhibits quantum coherence on a length scale Zt, and may be described 
locally by the LaughHn wave function for temperatures such that It > Ib, thus displaying 
features of the FQHE. The scaHng estimate It ^ Ib for the definition of a temperature T2 
at which this coherence is lost turns out, however, to be rather crude because it neglects a 
renormalization of the magnetic length due to CF formation in the quantum limit. In the CF 
picture, the minima disappear when the temperature reaches the activation gap |T2]. This 
leads to the relation T2 ~ Tc/(2ps±l), where Tc is a constant, and the integers p, s are related 
to the fining factor D — p/{2ps ± 1) for the FQHE states. Comparison with experiment jH] 
suggests a value Tc ^ 2K around ly — 1/6. 

Conclusions. We have discussed the different solid and liquid phases of quantum Hall 
systems using straightforward scaling arguments. Although the bare Coulomb potential is 
scale-free, the effective potential of electrons restricted to the nth LL has a range of strong 
interaction characterised by the cyclotron radius. The ratio between this range and the average 
separation d of the electrons classifies the different phases at T = 0. At finite temperature, a 
further length scale It enters. For d 2Rc a WC is formed, which melts at a temperature 
Ti into a quantum liquid showing features of FQHE states. Our estimates for the melting 
temperature Ti show that it does not vary with B, in agreement with recent experiments 
The quantum coherence of the electrons is not destroyed until a higher temperature T2. In 
the opposite Hmit d ^ 2Rc the mean-field approximation is justified and predicts a CDW 
ground state. We present a criterion for the validity of this approximation, which excludes 
CDW formation in the lowest LLs, where the required condition cannot be satisfied because 
Rc coincides with the smallest length Ib in the system. In an intermediate regime d ~ 2Rc 
quantum melting of the crystalline structures leads to a liquid phase, which is incompressible 
at certain filling factors where the FQHE is observed. The presence of impurities reduces 
the FQHE regime in the phase diagram because solid phases are better adapted to follow an 
underlying impurity potential. 
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